ABSTRACT In this paper, a numerical study of a chaotic mixing process that involves a highly viscous fluid is presented. The investigated mixer is composed of two circular rods maintained vertically inside a cylindrical tank. The tank and the rods are heated and can rotate around their revolution axis. Chaotic flows are obtained by imposing a temporal modulation of the rotational velocity. Unsteady equations for the conservation of momentum and energy are solved by using a pressure-based code. This code has a finite volume formulation applied to unstructured hybrid grids. The efficiency of the mixer is analyzed by focusing on the quantity of thermal energy supplied to the fluid and on the quality of the temperature homogenization. The influence of different parameters is analyzed: the type of modulation, the range of its period, the direction of rotations and the rods' eccentricity.
INTRODUCTION
When highly viscous fluids are involved in mixing processes, the classical turbulent mixer becomes inefficient and energetically expensive. The chaotic mixing involving laminar flows is then an interesting alternative. For more than twenty years now, the chaotic advection has been recognized as having the ability to produce very efficient mixing in low-Reynolds-number laminar flows [Aref 1984 , Ottino 1989 , Aref 2002 . Chaotic advection flows lead to efficient mixing by creating highly stretched and folded structures (between two fluids for example) after which molecular diffusion can act easily to smooth the concentration gradients and thus to destroy the thinnest striations. Laminar flow fields that promote these high degrees of mixing do not necessarily have to be complicated. The characteristic of the chaotic advection is to be able to generate complex trajectories (known as chaotic in Lagrangian sense) even for a very simple flow field. Thus chaotic advection is a very useful phenomenon to mix highly viscous fluids that induce very great friction losses or delicate fluids that do not resist the high strains encountered in turbulent flows. The necessity of achieving effective mixing is often associated with an increase in heat transfer or with chemical reactions required for the manufacture of many products in various industrial processes (food, chemical, pharmaceutical or petrochemical engineering) . In the present study we focus only on the relationship between the chaotic mixing and the heat transfer enhancement in a particular flow. Indeed, despite its obvious industrial relevance, there is only a limited number of works concerning this problem. In fact, many more works concern the relationship between chaotic mixing and chemical reactions, while leaving out its coupling with heat transfer. The two problems are really different. Chemical reactions act primarily at the fluid interfaces, precisely where the action of the molecular diffusion takes place, whereas heat transfer comes generally from the walls (if we exclude processes where heating occurs in the form of internal energy generation within the fluids like for ohmic heating). Most of the work done on the effects of heat transfer enhancement in chaotic advection flows concerns mainly the journal bearing flow or its derivatives for 2D flows [Ghosh et al. 1992 , Saatdjian et al. 1996 , Mota et al., 2007 and almost exclusively the twisted-pipe flow for the 3D flows [Acharya et al. 1992 , 2001 , Peerhossaini et al. 1993 , Mokrani et al. 1997 , Lemenand et al. 2002 , Kumar et al. 2007 . Traditionally speaking, one distinguishes two types of flows (2d and 3D) which offer the possibility generating complex trajectories. Indeed, the periodic reorientation of the fluid elements is necessary to produce chaotic flows. This condition can be met in unsteady 2D flows or in steady 3D flows with specific spatial boundaries. The 3D flows can be closed (vessel type) or open (pipe type). In the present work we study the problem of chaotic mixing and heat transfer enhancement by a laminar flow in a Two Rod Rotating Mixer (T2RM).
THE MIXING SYSTEM
One of our first motivations is to design a mixer which is easy to build from an industrial viewpoint. In the panoply of the industrial mixers which interest us we can find: the eggbeater mixer, the journal bearing mixer, the planetary mixer and the various rod mixers. The geometry we have chosen to study combines the historical blinking vortex flow introduced by Aref [1984] and the journal bearing flow referred to by Chaiken et al. [1986] . Since the streamlinecrossing is responsible for chaotic advection (and in order to avoid the generation of large unmixed regions within the flow) we have equipped the 2D mixer with two circular rods that can rotate individually inside a circular domain referred to here as the tank. The rotation of the circular tank is also possible. These two rods are necessarily in an eccentric position inside the tank. Thus the mixing of the fluid in the T2RM will be the result of stirring protocols produced by the rotating of the tank and the two rods. The geometry of the T2RM is presented in Figure 1 . The T2RM studied here has the following dimensions: R 1 = R 2 = 0.01 m and R 3 = 0.05 m. Unless specified otherwise, the eccentricity is ε = 0.025 m. The T2RM is intended here for the heating of viscous fluids. The tank and the rods are heated at their surfaces during the mixing process. In the present study, we investigate the behaviour of the T2RM by a CFD approach. We particularly focus on the ability of this mixer to extract heat energy from heated boundaries. The heat is then transported throughout the tank to homogenize the temperature of the whole fluid. The main aspect studied is the aptitude of the mixer to prevent the presence of unheated zones by the application of adequate temporal modulation to the velocities of the boundaries. Numerical simulation is a suitable tool for this purpose.
NUMERICAL METHOD
The unsteady two-dimensional momentum conservation equations, as well as continuity and energy equations, are solved for a Newtonian incompressible fluid by using an in-house code. The thermal properties of the fluid are assumed constant. The conservation equations in their integral form can be written as:
where τ is the viscous stress tensor. The integration is applied to a control volume V that is surrounded by a surface S, which is oriented by the outward unit's normal vector n r . The code has an unstructured finite volume formulation applied to the hybrid meshes, which contain triangular and quadrangular cells. The variables are stored at the centre of the cells in a collocated arrangement. By considering a generic advection-diffusion equation of the form:
where φ S is a source term, the discretization of the diffusion term is performed by approximating the surface integrals by a sum over all the cell faces f:
( φ φ in unstructured meshes the normal gradient Convection terms are also transformed in a sum over the faces f composing the surface S:
where face values f φ requires an appropriate interpolation. In the momentum equations, the blending difference scheme is used [Ferziger and Peric 2002] . This scheme combines a second order accurate central scheme with a low amount of upwind differencing to enforce the boundedness:
m-1 is the previous iteration. Here the weighting factor β is fixed at 0.95. In the energy equation, special care was given to the face value interpolation in order to limit the introduced numerical diffusion, while preserving a strict boundedness. For this purpose the Normalized Variable Diagram (NVD) Gamma high resolution scheme of Jasak et al. [1999] is used. This scheme introduces a smooth transition between centred and upwind differencing, depending on the local variation of the variable. This property is important for our study since we need to evaluate the advection heat transport efficiency, in absence of the numerical diffusion effect that may overshoot the thermal conduction effect.
The pressure velocity coupling is ensured by the SIMPLE algorithm [Patankar 1980 ], while the mass fluxes at cell faces are evaluated using the Rhie and Chow [1983] interpolation to avoid pressure checkerboarding. Unsteady computations are advanced over time by the implicit three time step Gear's scheme that ensures second order accuracy. At each iteration, the discretization practice presented above leads to a linear system with a non-symmetric sparse matrix for each variable. These linear systems are solved by means of a GMRES solver, with an ILU preconditioning that uses the implementation of the IML++ library [Dongarra 1994 ].
VALIDATION TEST CASE
To the authors' knowledge, there is no experimental study of heat transfer in geometries similar to the one concerned by the present work. This makes comparing our numerical results to other experimental ones impossible. So, the code is assessed here by its application to a test case: considering external convection from a circular cylinder. This test case is well documented and experimental results are available. Here we present results concerning heat transfer and we compare the obtained Nusselt number to those given in research.
The mesh used in this study is shown in Figure 2 . It contains 12631 cells and has a fine structured region around the cylinder boundary. A no-slip boundary condition and a fixed temperature are applied to this boundary, while an outflow condition is applied to the right hand vertical boundary. All other boundaries are inlets with fixed temperature and horizontal velocity. As an example of our results, Figure 3 shows the instantaneous temperature field in the wake of the cylinder for a flow at Re = 120 and Pr = 2.5 where we can observe the detaching eddy structures. In Figure 4 , the time and surface average Nusselt number is compared to those given by the experimental correlations of Churchill and Bernstein [1977] and Hilpert [Incropera et al. 1996] for various values of Reynolds and Prandtl numbers. The relative error between the obtained numerical values and experimental ones is always below 5%.
GRID DEPENDENCE STUDY
Grid dependence study In order to determine the appropriate size of the computational mesh, four meshes of increasing size are studied for the T2RM. They contain respectively 3428, 6426, 9944 and 14696 cells. Figure 5 shows the third one. For the four meshes, structured zones are generated along the wall boundaries to facilitate the resolving of heat transfer. To compare these meshes, a steady-state flow is resolved. The two rods rotate respectively at Ω 1 = 30 rpm and Ω 2 = −30 rpm, while the tank rotates at Ω 3 = 6 rpm. These angular velocities were chosen to induce the same the tangential velocity U t = 0.0314 m/s at both tank and rod surfaces. A temperature difference is applied between the rods (T 
After complete convergence, the numerical errors associated with the meshes 1, 2 and 3 are estimated on the basis of the sum of the absolute values of the heat rate released by the three walls. The finest mesh result is used as a reference. The error on mesh k:
The summation is performed over the three heated elements. The obtained errors are respectively 8%, 3% and 1%. Hence, all the computations presented later use mesh 3 ( Figure 5 ).
NUMERICAL INVESTIGATION OF THE T2RM PERFORMANCE
In the following sections, the studies are time dependent. The fluid in the tank is initially at the cold temperature T cold and the rods and the tank surfaces have a fixed hot temperature T hot , which may be the highest admissible temperature to prevent fluid degradation. The rotation of the three moving elements can have a positive (+) or negative orientation (-), so when the angular velocities are constant, three topological streamline patterns are possible. They are specified in Table 2 and plotted in Figure 6 . While the direction of the tank rotation is fixed in the positive direction (counterclockwise), the rotation of the rods can have the same or the opposite direction. From a mixing point of view, we can notice in Figure 6 that configuration 3 presents two large symmetrical closed flow zones (KAM islands). The fluid that was initially in these zones remains trapped in it during the whole mixing process, and do not enter in contact with the heated surfaces. Consequently this trapped fluid remains colder. Dead fluid zones exist also in configurations 1 and 2, but are smaller. During the heating process, a fluid particle follows the same closed trajectory, which matches with a streamline, so heat transport to this trajectory location is mainly due to molecular Figure 6 : Streamlines of steady flow in configurations 1, 2 and 3 (from left to right) given in Table 2 . The mean temperature evolution can also be seen as an indicator of the total energy supplied to the fluid form time 0 s to t:
The temporal evolutions of these quantities are plotted in Figure 7 . It is clear from these plots that, as expected, the presence of the large KAM islands of configuration 3 degrades the efficiency of the mixing process. Even if mean temperatures remain comparable; the standard deviation indicates the presence of these large non heated zones. Configuration 2 (rods and tank rotating in the same direction) gives the best results and the heating objective is almost reached at 2000 s.
CHAOTIC FLOWS
To enhance heat extraction from the boundaries, fluid trajectories need to be chaotic. This is achieved by modulating the wall velocities in order to vary the flow topology in time and make the fluid particle trajectories migrate from the confined zones. Handling the fluid mixing optimization problem in chaotic flows is not an easy task [Le Guer et al. 2004 , Gibout et al. 2006 ].
Continuous, non-continuous modulations Angular velocity can be modulated by different ways.
One of the most common practices found in the mixing research is the prescription of a continuous rotational movement that is never interrupted, but its intensity is modulated. A second possibility is to periodically stop the rotation of the tank while moving the rods and so on. It is obvious that the latter alternative is the least energy consuming one, as it can be deduced from the The continuous and non-continuous cases as well as the non-modulated case are compared in Figure  9 for the less favorable configuration (see 3 in Table 2 ). The standard deviation of the non- dimensional temperature is the measure criterion. It is clearly shown that the efficiency of the noncontinuous case is better than that of the continuous case. However, the both are more efficient than the non-modulated case. It can also be noticed that the decay of the standard deviation has an exponential evolution. The difference between the continuous and non-continuous cases can be explained by observing the temperature fields. Figure 10 displays the isovalues of temperature at a rather early moment (t = 120 s), and we can notice that the KAM islands were completely destroyed in the non-continuous case, while they are still present in the continuous case.
In the rest of this study we investigate only the non-continuous modulation.
Influence of the rotation directions
The three flow configurations of Table 2 are compared here for the non-continuous modulation case. Standard deviation and mean temperature are displayed in Figure 11 . We can observe that the three stirring protocols have equivalent mixing efficiencies even if protocol 3 seems to be slightly less efficient. The curves of mean temperature are perfectly superimposed. Figure 12 . Isovalues of temperature for stirring configurations 1 (left), 2 (center) and 3 (right) while the rods are rotating at t = 125s (top) and later when the tank is rotating at t =140 s (bottom). Figure 12 shows the temperature field at two different times for the three stirring protocols. The first moment (t = 125 s) is within the part of the period corresponding to the rotation of the rods, while the second instant (t = 140 s) is within the tank rotation time. Temperature fields at t = 125 s are quite different from each other, with a only a few similarities: when the rods are rotating they extract hot thin streams from the tank boundary. These hot fluid filaments are folded later when the tank rotates. At t = 140 s, the tank had been rotating for 12.5 seconds and the displaced fluid carried hot streams from the heated rods. These streams were folded by the next rotation of the rods. This latter feature is common to all the protocols as we can observe in the second row of Figure 12 .
For a better understanding of this behavior, in the Figure 13 we present the streamlines at three relevant times from the first stirring protocol. At time t = 120 s, the rods are rotating, and at t = 140 s the tank is rotating. The time t = 131 s represents an intermediate instant. We can notice in this figure a large variety of flow patterns that alternate inside the tank. This diversity is the key feature of a chaotic flow.
Effect of period length
For a period of 30 s the three stirring protocols are almost equivalent, this is no longer true for a shorter period of 15 s, as showed in Figure 14 . This period does not seem long enough for the protocol 3 to destroy the KAM islands. This is mainly due to the different mechanisms of fluid transportation of these stirring protocols. The rotating rods in the third protocol fold generate hot filaments towards the tank boundary, while for protocols 1 and 2 these filaments are carried towards the center of the mixer. When the period is set to 15 s, the hot streams are shorter, so they have completely turned-back to the tank boundary. We also compare the reference period (T = 30 s) to a shorter and a longer one. Figure 15 displays the evolution of the standard deviation of temperature for the stirring protocol 1 for three different periods: 15 s, 30 s and 60 s. Even if the results are almost equal, it appears however that there is an optimum around T = 30 s.
Influence of the eccentricity The position of the rods inside the tank is another relevant parameter. Two additional positions are investigated in this section. In the previous sections, the eccentricity (the distance from the center of the tank to the center of a rod) was ε = 0.03 m. Figure 16 shows the results obtained for eccentricities of 0.025 m and 0.0175 m. The mixer with the lowest eccentricity has the worst results in both energy extraction (mean temperature) and homogenization (standard deviation). For the highest eccentricity, the heat extraction is comparable to the one induced by the intermediate eccentricity, but the homogenization is worst. It can be deduced from the examination of the temperature fields in Figure 17 that when the rods are close to the tank boundary they extract more heated fluid. However, they are too off-centered to carry it towards the tank center. As a result non heated zones persist in the mixer. The intermediate rod position is then more suitable for both extracting energy from the tank boundary and for homogenizing the fluid temperature. 
CONCLUSION
A numerical investigation of the thermal efficiency of a two rod mixer was performed in the case of high Prandtl number fluids. The rotating boundaries of this mixer are heated. The role of this mixer is to supply a maximum amount of heat to the fluid in a homogeneous way. In this work, the importance of the role of the temporal modulations applied to the tank and to the rod rotation velocities was confirmed. It was also demonstrated that for better efficiency the modulations have to be discontinuous over time: the rod rotation is stopped while the tank is rotating and so on. The three possible combinations of rotation directions were compared. It was observed that the direction of rotation is relevant as the period of modulation became shorter (T = 15 s), particularly if the two rods rotate in the opposite direction of the tank's rotation. For T = 30 s, the three stirring protocols were equivalent, and the period length has an optimum at this value. The influence of eccentricity was also investigated, and it has been shown that an intermediate position of the rods has to be adopted. It appears from this study that the mixer should be able to extract thermal energy from the boundaries in the form of hot fluid streams, and also to fold this stream towards the tank center. In this way, the presence of unheated zones is avoided. The thermal mixer presented in this study can be considered for industrial applications considering batch mode or continuous processes with the superposition of an axial velocity component.
